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Abstract—Stress finite-element models with an independent expansion for strain are developed. By adding
the constitutive law, which is satisfied on the average only, as a condition of constraint to the functional, the
variational principle on which they are based is derived. A model which is stiffer can thus be constructed. As
the equilibrium models lead to results which are too flexible, an independent assumption for strain should in
many cases improve the accuracy. The strains can easily be eliminated on an element basis. A quadrilateral
hybrid stress model with an independent assumption of strain is developed and tested on the level of an
element and of the structural system.

INTRODUCTION

In a finite-element analysis of an elastic continuum using stress models, of which the equilibrium
model of Fraeijs de Veubeke[1] and the hybrid model pioneered by Pian[2, 3] are best known, the
constitutive law is regarded as a subsidiary condition. The strain energy is thus expressed as a
function of the assumed stress expansion only. By not assuming the constitutive law to be
satisfied a priori and by introducing it as a condition of constraint in the functional, on which the
finite-element formulation is based, an independent expansion for strain in addition to that of
stress can be selected. The strain energy is a function of both. A model which is stiffer can be
derived, as is shown in this article. The stress model with an independent assumption for strain is
thus bounded from above by the corresponding element of which the material law is satisfied
exactly. A lower bound to the energy can be verified only numerically. As the equilibrium models
and, for certain problems, some hybrid models lead to results which are too flexible for
prescribed exterior loads, an independent assumption for the strains should, in many cases,
improve the accuracy. As the strains can easily be eliminated on an element basis, the
formulation does not really become more complicated.

In the following section, the variational principle and the finite-elément formulation are
summarized. A quadrilateral hybrid stress model with an independent assumption of strain for a
moderately thick plate element in bending is developed. Extensive numerical experimentation on
the level of an element and of the structural system is performed. Details can be found in Ref. [4],
were, in addition, more general stress models are examined.

VARIATIONAL PRINCIPLE

By introducing the strain-displacement relations and the geometric boundary conditions into
the principle of minimum potential energy, and integrating by parts, the three-field Hu-Washizu
principle [5]
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is derived, where V is the volume, S, and S, the portions of the boundary where the surface
tractions T; and displacements @, respectively, are prescribed. €; represents the strain tensor,
Equ the elastic-stiffness tensor and o the stress tensor, F; are the prescribed body forces, u, the
displacements and T, = gy;. »; the surface tractions, » being the components of the unit vector
normal to the boundary.

For a finite-element analysis, it is convenient to generdlize the stationary principle as follows:
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where n is the number of finite elements, # are the independent boundary displacements
common to two adjacent elements and on S.,, & = & is assumed. If the constitutive law is
satisfied a priori,

€ = Cijkl o Ty (3)

Cyu representing the elastic compliance tensor, the first integral of the functional equation (2) is
transformed as

jv (%.ay.Eukz.ek:—eu'.crq).dV-» . %.mi_cukl_a.k‘.dv @

the other integrals not being affected. In this form, the stationary variational principle I(ay, u, )
forms the basis of many stress models, e.g. the equilibrium model[1, 3}, the hybrid modelf2, 3],
the alternate hybrid and extended hybrid models[4, 6] and various generalizations[4].

FINITE-ELEMENT FORMULATION
As an independent assumption of strain affects only the term representing the strain-energy of
the variational principle (equation 2) and the finite-element formulation of conventional stress
models is rather well documented[6, 7], the discussion will be restricted to the modifications
expressed by equation (4). Independent assumptions are made for the stresses ¢; and strains e;
of each element

{o}=[P].{B} ©)
{e}=[M].{y} ®

where {8}, {y} are columns of undetermined parameters and [P], [M] are sets of functions
(polynomials). Substituting equations (5, 6) into the first integral of equation (2), the strain energy
is formulated as
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Setting the first variation of the functional (equation 7) with respect to {y}, which can be varied
independently for each element, equal to zero, leads to the discrete form of the constitutive law

[Hu] . {'Y} - [H(o] . {ﬁ} =0, (10)
After eliminating {y} from equation (10) and defining the flexibility matrix [H,.] as
[Hoo]=[Ho]'. [Hu]—l .[He ] (1

the strain energy, equation (7) is written as

-5 {BY [H1. {8} 1)

[H..] and [H..} are positive definite matrices, as the material law [E] exhibits the same property.
In the conventional stress models, where the constitutive law is subsidiary, the strain energy
(right-hand side of equation 4) is formulated as in equation (12), with [H,..] being replaced by [H]

[H]=L [P1'.[C].[P].dV. (13)

It should be noted that this static condensation process, involving {y}, is analogous to the
procedure used by Willam[8]. The constitutive law can be used to eliminate the stresses and not
the strains, as is normally done, from the general Hu-Washizu principle (equation 1). This leads to
the Hellinger-Reissner principle involving u; and €, as free variables. Willam eliminates €; on an
element basis, for which no continuity is imposed. The analogue of equation (11) is a stiffness
matrix. Many of Willam’s conclusions appropriately modified also apply to the models discussed
in this article although different laws are involved, vis. in Willam’s mixed model with independent
strains, the strain-displacement equations and in the generalized stress models, the constitutive
law (equation 3).

As the functional, equation (2) does not involve derivatives of the strains, the continuity of the
strain field need not be imposed for convergence. The constant-strain criterion (also called
completeness condition) is obviously satisfied if constant terms are present in the {¢}-expansion
(equation 6). This allows the constitutive law to be satisfied exactly for an infinitesimal element.
In addition, it follows from equations (10, 11) that the number of y’s must be larger or the same as
the number of B’s. If not, the matrix [H..] (equation 11) is singular.

The following possibilities of selecting the expansions for {o} and {e} exist:

(a) If {o} and {e} are approximated by (complete) polynomials of the same order, the
constitutive law will be satisfied for an element of finite length. The two matrices [H..,] and [H]
are identical.

(b) If {€} is approximated by a polynomial of higher order than that of {c}, again identical
discretization matrices [H,»] and [H] are derived. The coefficients of the higher order terms of
{e}, which do not exist in {0}, will be zero. This is the best way, in the sense of energy
considerations, of satisfying the discrete form of the constitutive law, equation (10). This would
not be the case if continuity requirements were imposed on {e}.

(c) If certain components of {e} are approximated by polynomials of lower order than or by
incomplete polynomials of the same order as that of {¢}, the two matrices [H..] and [H] will
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differ. As described above, a non-singular [ H... }-matrix-has to be derived. As certain components
of {e} have to vary with a polynomial of lower degree than the strains calculated from {¢} using
the constitutive law, the element is stiffer. The inequality

[Hoe]=[H] (14)

holds. As the inverse of [H...] or of [H] is used to calculate the stiffness matrix [K}, each term of
the {K}-matrix based on a strain assumption is larger than or equal to the corresponding term of
the [K}-matrix which assumes the constitutive law satisfied a priori. Willam[8] proved rigorously
for Poisson’s ratio v =0, using the inequality of Schwartz, that his mixed model, with an
independent assumption for {¢}, is more flexible than the corresponding displacement model, The
same proof could be used here. A simple example is given for illustration in Ref. [4].

QUADRILATERAL MODERATELY THICK PLATE-BENDING ELEMENT

To show how the different matrices are constructed, a hybrid stress model for a quadrilateral
moderately thick plate-bending element is derived. It is then generalized by selecting an
independent expansion for the strains. At first, the model for a square element is constructed.
Using the isoparametric mapping procedure the square element can be distorted into a general
quadrilateral element (Fig. 1).

Hybrid stress models for a plate in bending, including the effect of transverse-shear
deformability, were discussed, among others, by Mau et al.[9, 10]. In Ref. [10], the behavior of
quadrilateral elements is compared, either derived directly or from triangles, either based on
linear or complete or incomplete quadratic expansions for the stresses and on either linear or
(partially) quadratic polynomials for the displacements along the inter-element boundary. The
evaluation, which was performed for thick and thin plates, showed that the quadrilateral element
based on a linear expansion for the stresses and the inter-element displacements, converged the
most rapidly. The same expansions are used here.

The isotropic element (modulus of elasticity E, Poisson’s ratio v) with the side length 2a and
thickness # is shown on the left-hand side of Fig. 1.

Fig. 1. Square parent element and distorted quadrilateral element.
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The following expansions are selected for the stresses, which satisfy the homogeneous
equations of equilibrium for a three-dimensional body:

G5y D) =B gt B B g (152)
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The flexibility matrix [H] (equation 13) is calculated as follows:

{ﬁ}'.[H}.{p}ng {0 +02=2.v.0.. 0,
+20+ )5 +2.(1+ ). 12+2.(1+v) . 73}dz. dA.  (16)

For a plate with transverse-shear deformability, the rotations and the lateral displacement have to
be assumed independently. Linear expansions & along the boundary are selected. If a
displacement function & over the element can be constructed which is compatible with the
assumed boundary displacement #, the integrations which have to be performed along the
boundary to determine the so-called [G}-matrix[3, 9, 10] can be replaced by an integration over
the volume of the element. Bi-linear expansions in the skew coordinate system ¢, n (see Fig. 1)
are selected. The values of ¢ 7 on the faces of the elements are +1. Coordinates &, 7 of the four
corner points are introduced, which are equal to the values of & 7 of the faces meeting at the
corners. The following displacement expansion is formulated:

wEn =3 2 31466 U+nm). by (172
V=72 S A+6. 6. (+nm). b )
wEm =3 B U+EH. (477w 70

The stiffness matrix [K] and the stress-displacement matrix of the hybrid stress model can thus
be calculated.
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The following assumptions for the strains are chosen

e,(x,y,z)=y\.fl+y,—-§l+y3-;Jy—-% (18a)
2 2 2
ey(x,y,2)=v4'£+~/s'—'%+76“y“% (18b)
2 2 2
Yu(2) =1y i (18¢)
2
2
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Yee(2) = Vs {1 - <g) ] (18d)
2
2
z
vyz(Z)=79-[1— h (18¢)
2
€(2)=yi0- 2. (18f)

z
h
2

On the upper and lower face, the shear strains y.., v, (equations 18d, 18¢) are zero, the same for
the shear stresses 7., 7,. (equations 15d, 15¢). The expansion lacks invariance, as y., (equation
18¢) is not a function of x, y. The strain energy of the three-dimensional elastic body, expressed
as a function of the strains, defines the [H..]-matrix (equation 8).

t _ (1-v).E . 2 2 2
{+} '[H"]'{y}_——~_(1—2v).(l+v) , {e, +e’+e,

2v

2v
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The [H..]-matrix (equation 9) follows from
{y}.[Ho).{B}= f (6.0t € .00 T €. Ot Yoy Txy + Yoz. Ta + Y2+ Tr2) . d2. dA. 20)
v

After calculating the [H,.]-matrix (equation 11), the stiffness matrix [K] and the stress-
displacement matrix of the generalized hybrid stress model with an independent assumption for
strain can easily be determined. For laminated plates[9, 10], the shear stresses 7., 7,. and shear
strains 7., yy. are obviously not zero on the top and bottom faces of the individual layers
(excluding the top and bottom face of the plate). For the bending portion of such a layer, the
stress assumption equation (21) together with equations (15a, b, c,f) and the strain expansion
equation (22), together with equations (18a, b, ¢, f) are used.
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r(2) = Bu— B+ B) 7, 21a)
7u(2) = Buu= (Bt Bs) ' = (21b)

z 2

Yxe(2) = 7s. {1 - (Zl) } +n (222)
2
E 2

‘sz(Z) =Y. {1 - (E) }+ Yiz2. (22b)
2

Using the isoparametric mapping procedure, the parent element is mapped onto a curvilinear one.
The coordinate transformation is established using the same shape functions, as those which
represent the unknown displacement functions (equation 17).

AHEOHT+n.n) . x (23a)

i=

Bl =

X

-

y= 2 (I+&.8(0+n.7). (23b)

!

Numerical integration is used.

As pointed out by Pian et al.[11], the quadrilateral element has two kinematic displacement
modes. The rank of the stiffness matrix [K] is only 12 -3 —2=7. For the quadrilateral element,
the kinematic displacement modes can be eliminated by adding an x . y-term for o, (equation 15a)
and for o, (equation 15b)[11].

NUMERICAL EXPERIMENTATION

To be able to determine the accuracy on an element basis of the same stress model with and
without an independent assumption for the strain, all possible boundary-value problems have to
be examined. When Willam[8] compared the displacement model and the associated mixed
model, the following procedure was used. The spectrum of eigenvalues of the difference matrix,
determined from the stiffness matrices of the two elements to be compared, were calculated. It
represents the difference of energy stored in a given element for a discrete number of
boundary-value problems.

For illustration, the quadrilateral plate-bending elements are used. The difference matrix is
formed by subtracting the stiffness matrix [K] of the model without an assumption for strain
from that with an independent expansion. The difference matrix is positive definite, expressing
that the model with a strain expansion leads to a lower energy than the model without a strain
expansion for all displacement boundary conditions which are contained in the set of
eigenvectors. This follows from the fact that a suitable chosen strain assumption makes the
model stiffer (equation 14). As both elements possess three rigid-body modes, three
constant-strain conditions and two kinematic displacement modes, 12—~3 -3 —2 =4 positive
eigenvalues would be expected. Actually, only two are distinct from zero. In Table 1, the
eigenvalues of the difference matrix are listed for different shapes (square element, rhombus
element with o = 30°, a = 10), for different thicknesses ((h/2a) =0-01, (h/2a) = 0-125) and for
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Table 1. Eigenvalues and one eigenvector of difference matrix of
stiffness matrices with and without strain assumption

Poisson's Roha 1 w, 3 087 1079
0495
0 0167 | © 333T 045 | 6, 2032 10
=001 9340 4| €6440] 6246
Square 8005 700 Tsas2 103

Bl |8l
2

Plate
+0125/111400| 94812 | 82093 | 74689 | 72009 | . | 5922 1072

4345 3722 3253 | 2988 | 2897 |4,,| 4977 107

=001 | sn5eg| 4772 | 4175| 3838| 3722

S

Rhombus

8y, 2919 107
Plate
33833( 27573 | 22634 [ 19708 | 18673

61.331| 52849 | 46717 | 43510 | 42500 | w3 [ -5922 107

5F

=0125

8] 4977 107"
—

8| 2919 107

we | -3087 1073

Oyaf 4032 107"

8y, -8452 107°

various Poisson ratio’s (v =0, 0-167, 0-333, 0-45, 0-495). The two eigenvalues are equal for the
square element. The largest eigenvalue of the difference matrix provides a measure of the largest
difference in energy. It also isolates the critical boundary-value problem. For the square element
((h/2a) = (1/100), v =0), the corresponding eigenvector is listed in Table 1. The largest
eigenvalue diminishes with increasing ». The same happens with the arithmetic mean and with the
difference of the eigenvalues for the rhombus, indicating that the difference in energies for
different boundary-value problems becomes smaller.

On the structural-systems level, simply supported thin ((h/l)=0-01) and thick plates
((h/l) =0:125) with » = 0-3 are analyzed for a distributed load p and a central concentrated load
P. Analytical solutions have been determined by Timoshenko for the thin plate[12] and by
Reissner for the moderately thick plate under a distributed load [13]. Kirchhoff-type boundary
conditions are enforced.

w=0 (24a)
¢ =0. (24b)

Meshes 1x1,2x2,4x4and8 x 8 for a quarter of the plate are selected, leading to 12, 27, 75 and
243 unknowns, respectively (before enforcing boundary conditions). All four models are used.
The symbol ¢ is attached to the hybrid model enforcing zero transverse-shear stress 7., 7,. on
the upper and lower face (equation 15), the symbol ¢, &, when in addition strains are assumed
with zero transverse shear strain y.., v, on the upper and lower face (equation 18). The symbols
o and ge are used, when the stress assumption (equations 15a, b, ¢, f, 21) and in addition the
strain assumptions (equations 18a, b, c, f, 22), respectively, do not satisfy any special “boundary
conditions” on the upper and lower face.

Some results of the various finite-element calculations are shown in Table 2. The energy = is
determined by summing the product of the concentrated vertical load and the displacement in
each node over the whole plate. All models converge. Choosing an independent expansion for the
strains does indeed make the model stiffer. For the distributed load, the vertical displacement for
the thin and thick plates converges from above for the model o* and from below for " &".
However, for both models, the energy converges from below. For the concentrated load, the
energy (and thus the displacement) converges from different sides for &* and for o" *. The
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Table 2. Simply supported plate calculated with different stress and strain assumptions

Distributed  Lood p
Thin Piate { I =0.01) Thick Plate ( 3 = 0.125)
R 2x2 4x4 8x 8 [onalyticol] 1 x 1 2x2 | 4x4 8x 8 | analytical
6} 7070 | 1520 | 1656 [ 1691 | 1.702 | 1209 | 1671 | 1811 | 1.848 | 1.836
Gt ey 107* Jo.353 | 1293 | 1596 | 1676 0492 | 1.444 | 1751 | 1832
Energy 7 2
G .°D 0798 | 1456 | 1639 | 1686 0915 | 1584 | 1771 | 1818
6 € 0002 | 0048 [ 0587 | 1518 0282 | 1345 | 1.750 | 1816
6y 4.280 [ 4109 | 4074 (4066 | 4062 | 4834 [ 4479 | 4409 | 4396 | 4357
Verticol
G} €}| 1071411 | 3532|3937 | 4032 1966 | 3898 | 4273 | 4362
Displacement w c o 14 319
(Centre) 5 2 | 3971 | 4043 | 4058 3660 (4285 | 4326 | 4335
6 € 0008 [ 0130 | 1461 3660 1.127 | 3636 | 4276 | 4330
[ 416 462 | 487 |48 479 |416 [a62 | 487 | 481 |a79
Bending GY g _3
| €l | 10 139 | 418 [455 |a73 139 |420 |455 | 473
Moment my
(Cantre) -pl* 313 | 461 | 479 |a79 311|460 |476 |a77
6 € 000 (014 170 | 430 0.44 373 (456 |av7a
3} 125 227 | 279 {307 [338 [125 |280 {279 |307 |338
Shear Force qy ey e| 107" (125 |224 |278 |307 126 |226 (278 |307
{Mid - Boundory) G “pt 125 229 | 280 |308 125 |229 [280 | 308
€ 125 229 | 280 (308 1265 |228 |280 |308

Concentrgted Load P
Thn Plote (4 :001)

1x1 | 2x2 4x4 8x8 |analyhical
Vertical GT 1711 1341 | 1226 | 1184 | 1160
Displacement w G"{ E"l 1072|0564 [ 1012 | 1128 1156
{Centre) G P_D‘_t 1276 1153 1156 | 1160
~ Enerqy T G £ 0003 0037 | 0397 | 1023

model o* & does lead to the most accurate results for various quantities. Not enforcing the
“boundary conditions™ on the upper and lower faces leads to a stiffer element. The disastrous
results for coarse meshes of the model oe are due to numerical round-off errors when inverting
the [H.. }-matrix, which in contrast to the same matrix for the model oi &“ is a function of (h/a).
The average pivot in the inversion process for the 1 1 mesh is 107", the smallest 0-85 x 10~°. For
the model ¢ €", the corresponding values are 0-36 and 0-28. All calculations are performed in
single precision (36 bits). For the 8 X 8 mesh, the results of the model o€ are good. It is interesting
to note that the (constant) g. is not effected by the ill-conditioning of [H..].

Using the displacement functions over the elements (equation 17) which are compatible with
the assumed boundary displacements, the mass matrix can easily be calculated. With the stiffness
matrix [K] of the hybrid stress model without and with an independent assumption of strains, a
dynamic analysis is based on rigorous variational principles, the modified Hellinger-Reissner
principle and the corresponding modified Hu-Washizu principle, respectively.

The natural frequencies o and the corresponding modes of the square thin cantilever plate of
Fig. 2 are calculated ((h/!) = (1/100) Poisson’s ratio » = 0-3). No exact solution exists. Meshes
1x1,2x2 and 4 X4 for both models & and o" " are used, leading to 6, 18 and 60 unknowns,
respectively. The consistent mass matrix which is not unique as the stresses satisfy internal
equilibrium, is based on equation (17). A lumped mass matrix is also used, which is derived by



564 JouN P. WOLF

) L i

Fig. 2. Square cantilever plate with typical 2 X 2 mesh.

assuming that the displacements within the tributary region of a particular node are identical to
the displacements of the node. For comparison, the results of Geradin[14] are used, who
calculated the same plate using the displacement model of Fraeijs de Veubeke[15], a
quadrilateral element made up of four triangles with cubic displacements and the triangular
equilibrium model of Fraeijs de Veubeke et al.[16] with linear expansion for the moments. The
number of remaining degrees of freedom, including internal displacements, if any, but after
enforcement of geometric boundary conditions, is given in Table 3. The natural frequencies of
displacement models decrease monotonically to the exact value for finer subdivisions and those
of the equilibrium model in this particular case increase.

For each idealization of the structure, the five lower eigenvalues, which are defined by the

ratio A

_p.h . __E.R
A ==p e with D_—__—lz.(l-yz) (25

are listed in Table 3. As expected, using the consistent-mass matrix leads to more accurate results
than working with the lumped-mass matrix. The eigenvalues determined using the model with an
independent assumption of strain o;" &" are larger than those calculated with the model o;". The
lower and upper bounds calculated with a fine mesh of equilibrium and displacement models,
respectively, are also specified[14]. In Fig. 3 the second lowest eigenvalue A, is plotted vs the

Table 3. Five lowest eigenvalues using standard hybrid models without
o" and with o€} independent assumption for strain

Lumped - Mass Matrix Consistent - Mass Matrix Bounds
Lower (Equit)

1x1 Mesh| 2x2 Mesh| 4x4 Mesh [1x1 Mesh | 2x2 Mesh| 4x4 Mesh |upper (Displ
6 Unkn 18 Unkn | 60Unkn | 6 Unkn |18 Unkn | 60 Unkn

N s 1555 9796 11390 6999 | 11647 11945 12.031
t |ef €] 2100 10474 11652 9448 | 12575 12 227 12 065

N [ 6336 | 35261 | 57809 9 505| 60006 | 67184 | 72152
2 |6{ef]| 7992 | S7312 | 67938 1989 99955 | 79040 | 72433
N s‘i 130 10%| 69420 | 357986 | 504 10%472 128 | 510574 |45202
3 1Gr el | 134 10%| 102047 | 398091 504 104574 388 | 575745 [45362
]

x| 61 292 10* | 164964 | 463836 | 1085 10%498 061 [779 570 | 73776
* | etet| 29810 | 189591 |S83.643 | 1116 10%|647 751 |903 198 |740 87

A |61 |18 10*| 211234 (509 957 | 1944 10'( 718096 965450 (954 08
5 161 6l[2334 107]340.254 | 713306 | 41951071128 747 11215 586 | 96041
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Fig. 3. Second lowest eigenvalue value A, vs number of equations.

number of equations. As the shear strain y., is assumed constant (equation 18c) and not linear
like €, and ¢, (equations 18a, b), the behavior of the element is thus directional. For a given nodal
layout, the stiffness matrix depends on the position and orientation of the coordinate system in
which it is formed. Convergence is still reached, as in the limit, only constant terms appear.

To establish the response of a strongly distorted element and to examine the directional
behavior, rhombic elements are used to calculate the skew (a = 30°) simply supported thin plate
((h/1) = (1/100), Poisson’s ratio ¥ = 0-3) of Fig. 4. Under an evenly distributed load, the bending
moments are infinite in the obtuse corner, using Kirchhoff’s theory. No exact solution exists;
Morley’s results, using a series expansion with coefficients determined by the least-square
method, are precise[17, 18]. The following boundary conditions are enforced.

w=0 (262)
¢s =0. (26b)

Fig. 4. Skew simply supported plate with 4 X 4 mesh.
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Table 4. Results of hybrid models without and with independent strain

expansion
Linear Momaents Quadratic Moments
Shear Def included
f |
4x4 Mesh 75 Unkn Shear Def Excluded
Anaiytical | Stress Ass §m_l_gg§mn 434 Mesh |16x16 Mesh
6f [RssGlEl |75 867
Vertical Displace - 3 plé
ment w 10" %— 0408 oSN 0419 o272 0332
{Centre)
Principal my [10% p12{ 191 185 221 157 170
Moments
(Centre ) my [10% pt2| 108 126 089 044 o8t

A 4 X 4 mesh with 75 unknowns before enforcing the geometric boundary conditions is used for
the models 0" and o.“ €. The stress expansion is not modified on the simply supported boundary.

In Table 4, the vertical displacement w and the two principal moments m,, m, at the centre of
the plate are listed. The stress couples are averaged proportionally to the angles of the elements
meeting at the centre. For comparison, the results of an analysis with the same 4 X 4 mesh and
with a very fine subdivision are listed, using hybrid stress models of rhomboid shape, based on a
quadratic moment expansion and on cubic displacements and on linear rotations on the
inter-element boundary. w and m, of the model o,"¢* with a 4 X 4 mesh are more accurate than
the corresponding values of the 16 x 16 mesh of the other hybrid stress model, which have been
taken from Ref. [19].

In Fig. 5 the principal moment m, from the Centre C to the obtuse Corner A of the plate is
plotted. Considering the coarseness of the mesh (only 2 elements from C to A), the two models
represent the singularity itself quite satisfactorily.

To study the directionality further, the simply supported rhomboid plate is analyzed with a
2X2,4x 4 and 8 X 8 mesh for a concentrated load applied in the centre of the plate. For this case,
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Fig. 5. Principal moment m, from centre C to obtuse corner A of plate.
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Fig.6. Vertical displacement w under concentrated load P.

the tangential rotation ¢, is regarded as free; the geometric boundary condition consists of
equation (26a) only. For comparison, the results of Sander[20] are used, who calculated the same
plate, but with the geometric boundary conditions of equations (26a, b) using the displacement
model of Fraeijs de Veubeke[15] and the triangular equilibrium model of Fraeijs de Veubeke et
al.[16]. In Fig. 6 the vertical displacement w under the concentrated load, which is equal to the
energy, is plotted vs the number of equations before enforcing geometric boundary conditions.
The directional behavior decreases strongly as a finer mesh is chosen. The difference in the
vertical displacement, which should be the same due to symmetry, is about 10 per cent for the
4 x 4 mesh and only 1 per cent for the 8 X 8 mesh.
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